The Random Coupling Model (RCM) has been successfully applied to predicting the statistics of currents and voltages at ports in complex electromagnetic (EM) enclosures operating in the short wavelength limit [1] [2] [3] [4] . Recent studies have extended the RCM to systems of multi-mode aperturecoupled enclosures. However, as the size (as measured in wavelengths) of a coupling aperture grows, the coupling matrix used in the RCM increases as well, and the computation becomes more complex and time consuming. A simple Power Balance Model (PWB) can provide fast predictions for the averaged power density of waves inside electrically-large systems for a wide range of cavity and coupling scenarios. However, the important interference induced fluctuations of the wave field retained in the RCM are absent in PWB. Here we aim to combine the best aspects of each model to create a hybrid treatment and study the EM fields in coupled enclosure systems. The proposed hybrid approach provides both mean and fluctuation information of the EM fields without the full computational complexity of coupled-cavity RCM. We compare the hybrid model predictions with experiments on linear cascades of over-moded cavities. We find good agreement over a set of different loss parameters and for different coupling strengths between cavities. The range of validity and applicability of the hybrid method are tested and discussed. arXiv:2003.07942v1 [physics.class-ph] 
I. INTRODUCTION
The ability to characterize and predict the nature of short-wavelength Electromagnetic (EM) waves inside inter-connected enclosures is of interest to various scientific fields. Applications include EM compatibility studies for electronic components under high-power microwave exposure [5] , coupled quantum mechanical systems modeled with superconducting microwave billiards [6] , cascades of quantum dots [7] [8] [9] [10] by way of analogy, and Smart Homes sensors in furnished indoor environments. The enclosures in these applications are generally electrically large with an operating wavelength λ V 1/3 , where V is the volume of the system. The interior geometry of these enclosures is often complex including wall features and internal objects acting as scatterers and geometrical details may not be precisely specified. These systems are then well-described as ray-chaotic enclosures, where the trajectories of rays with slightly different initial conditions diverge exponentially with increasing number of bounces off the irregular walls and interior objects [11] [12] [13] . This ray-chaotic property has inspired research in diverse contexts such as acoustic [14] [15] [16] and microwave cavities [17] [18] [19] [20] [21] [22] [23] , the spectral properties of atoms [24] and nuclei [25] , quantum dot systems [26] .
Benefiting from the continuing advance in computational capabilities, deterministic approaches utilizing numerical techniques are widely applied in simulating EM quantities inside chaotic systems with specified geometries [27] . The resolution required for deterministic methods, such as the Finite Difference Time Domain (FDTD) or the Finite Element Method (FEM), scale with the inverse of the wavelength and thus consume a large amount of computational resources in the short-wavelength limit (i.e., when typical wavelengths are small compared to the linear scale of the enclosure). In addition, minute changes of the interior structure of a given system will drastically alter the solution of the EM field [4, 22] . Statistical methods may thus be more appropriate when studying such systems. Many such approaches have been proposed, examples include the Baum-Liu-Tesche technique [5, 28] which analyzes a complex system by studying the traveling waves between its sub-volumes, and the Power Balance Model (PWB) [29] [30] [31] which predicts the averaged power flow in systems. A version of the PWB method estimating also the variance of the fluctuations has been presented in [32] . The PWB method is based on the assumption of a uniform field distribution in each cavity which is often fulfilled in the weak inter-cavity coupling and low damping limit. Extensions of the PWB method that drop the uniform field assumption are ray tracing (RT) methods [33, 34] or the Dynamical Energy Analysis (DEA) method [35] [36] [37] which calculate local ray or energy densities. DEA and RT reproduce non-uniformity in the field distribution. Like PWB, they do not treat fluctuations in energy density due to wave interference.
The Random Coupling Model (RCM) [1-4, 20, 38] allows for the calculation of the statistical properties of EM fields described in terms of scattering and impedance matrices that relate wave amplitudes, or voltages and currents at ports. The RCM is based on Random Matrix Theory (RMT) originally introduced to describe complex nuclei [25] . In contrast to the above mentioned methods, the RCM is able to describe the full probability distribution functions (PDFs) for voltages and currents at ports. The model requires minimal information about the system considered: the volume of the enclosure, the properties of the ports (including inter-cavity apertures), and a single-cavity loss parameter α (to be defined) [2, 3, [39] [40] [41] [42] [43] [44] .
The RCM has been successfully applied to systems of coupled cavities with varying losses, cavity dimensions, and in the presence of nonlinear elements [45, 46] . The computational complexity of the RCM grows, however, with the addition of large apertures connecting together multiple enclosures. In the RCM an aperture is treated as a set of M correlated ports, the number of which scales with the area of the aperture as measured in wavelengths squared. A cavity with M ports is described by an (M × M ) matrix [1, 3, 44, 47] . When large apertures are present, connecting multiple cavities, the RCM model can become cumbersome. First there is the need to calculate the matrix elements for each aperture that describe the passage of waves through an aperture radiating into free space. Second these matrices mush be combined with random matrices that give the statistical fluctuations. Third, the RCM is a Monte-Carlo method in which the matrices simulating the cavities are constructed for each realization, and many realizations may be required to get accurate statistical results. Finally, the matrices must be connected together which involves inverting the sub-matrices representing the sub-volumes inside a complex system for each realization [44] . There is thus a need to develop a simple statistical method that applies in cases where the apertures are larger than a wavelength, but small enough so that the two enclosures connected by the aperture can be considered as two separate volumes.
Here, we introduce a hybrid approach that combines the PWB and RCM to generate statistical predictions of the EM field for multi-cavity systems without the computational complexity of a full RCM treatment. The hybrid approach is valid in cases, where the coupling between adjacent cavities is carried by many channels due to, for example, large apertures as described above. Using the hybrid method, we apply the PWB method for computing the average EM field intensities in each cavity and use RCM to predict the fluctuations in the cavity of interest only. The modeling of multiple channels between adjacent cavities is thus reduced to computing a scalar coupling coefficient in the PWB model, often given through simple expressions involving the area of the aper-ture. A coupled RCM model still needs to be applied where the number of connecting channels between enclosures is small. Such small apertures act as "bottlenecks" for the wave dynamics and a full RCM treatment is necessary to characterize the fluctuations correctly, see also Section V and Appendix C and D. From nested reverberation chamber modelling, it is known that weak coupling (bottlenecks) introduces statistical independence of the two cavity environments [48] in the sense that the coupled problem can be described in terms of a random multiplicative process leading to products of random fields. This leads to strong deviations from a Gaussian random field hypothesis as discussed in more detail in Section V and Appendix C. One may further reduce the computational cost of the hybrid model using a simplified treatment as proposed in Appendix E. This simplified version of the hybrid model does not require additional knowledge of the frequency-dependent aperture admittance, which is usually obtained through full-wave simulations.
We test the hybrid model using cavity-cascade systems, that is, linear arrays of coupled complex systems. RCM based studies for a linear multi-cavity array with a single coupling channel and multiple channels were treated in [5, 20, 47] . In the following, we introduce the experimental set-up of the cavity cascade system in Section II. The formulation of the PWB-RCM hybrid model is presented in Section III. In Section IV, we compare our model simulations with experimental results. The limits of the hybrid model are studied in Section V with conclusions presented in Section VI. We refer technical details to the Appendices A-E. These contain an in-depth analysis of the limitations of the hybrid model depending on the number of coupling channels in Appendix C, and extension of the hybrid model including "bottelnecks" in Appendix D and a simplified version of the original hybrid model in Appendix E.
II. EXPERIMENTAL SET-UP
We study the transmission and reflection of EM waves in chaotic multi-cavity systems. A series of individual cavities is connected into a linear cascade chain through circular shaped apertures as shown schematically in Fig.  1 . Each cavity is of the same size and shape, but contains a mode-stirrer that makes the wave scattering properties of each cavity uniquely different [49] . The total number of connected cavities is varied from 1 to 3. Shortwavelength EM waves from 3.95 to 5.85 GHz are injected into cavities of dimension 0.762×0.762×1.778m 3 through WR187 single-mode waveguides, shown as T(R)X in Fig.  1 . The loss factor of the system is tuned by placing RF absorber cones inside each cavity. The cavities are large compared with typical wavelengths of the EM field (with λ = 7.49cm -5.12cm and there are ∼ 10 4 modes FIG. 1. A schematic view of the experimental set-up. We measure the 2 × 2 S-matrix of a cavity cascade system with a VNA between single-mode ports labeled TX and RX. The cavities are connected through multi-mode circular apertures from 1 → 2 → 3. Rotatable mode stirrers are employed in each cavity to generate different system configurations. The 1-and 2-cavity system measurement are conducted by blocking the apertures and moving the location of the RX port to cavity 1 and 2, respectively.
in the frequency range in operation) simulating realistic examples of wave chaotic enclosures. The diameter of the aperture is 0.26m which requires on the order of ∼ 100 modes to represent the fields in the aperture at the operating frequency. The thickness of the aperture is about 0.04 times the operating wavelength. We measure the 2 × 2 scattering(S)-matrices of the entire cavity cascade system between ports TX and RX with a Vector Network Analyzer (VNA) from which we deduce the 2 × 2 impedance(Z)-matrix. The S and Z matrices are connected through the bilinear transformation,
where Z 0 is a diagonal matrix whose elements correspond to the characteristic impedances of the waveguide channels leading to the ports. Independent mode stirrers are employed inside each cavity to create a large ensemble of statistically distinct realizations of the system [50] [51] [52] [53] . All mode stirrers are rotated simultaneously to ensure a low correlation between each measurement. A total number of 200 distinct realizations of the cavity cascade are created.
In the RCM, the "lossyness" of a single cavity is characterized by the loss parameter α defined as the ratio of the 3-dB bandwidth of a mode resonance to the mean frequency spacing between the modes [22, 42] . The loss parameter α has values larger than zero (with α = 0 corresponds to no loss), where α corresponds roughly to the number of overlapping modes at a given frequency. For the RCM to be valid, there is an upper limit on α determined by the following conditions: (i) the loss rate and mode density should be relatively uniform over the range of frequencies considered and (ii) the number of overlapping modes should be much less than the number of modes used in the RMT construction of the RCM normalized impedance matrix (see Section III).
The magnitude of the induced voltage at a load attached to the last cavity in the chain, |U L |, can be calculated from the measured impedance matrix Z of the cavity cascade system [4] . In the experiment, the load is the RX receiver in the VNA (Z L = 1/Y L = 50Ω). Our objective is to use the hybrid PWB-RCM model to describe the statistics of the load voltage |U L | using a minimum amount of information about the cavities and minimal computational resources.
III. THE HYBRID MODEL

III.A Model Formulation
The PWB method [29] [30] [31] can be used to determine mean values of EM power flow and energy in systems of coupled cavities. For a multi-enclosure problem, the PWB method solves for the mean power density S i in each enclosure (i is the cavity index) by balancing the powers entering and leaving each cavity. These power transfer rates are characterized in terms of area crosssections (σ), such that the power transferred is σS i . Various loss channels, such as aperture/port leakage, cavity wall absorption and lossy objects inside the enclosure are characterised through the corresponding cross sections σ o , σ w and σ obj , respectively [31] . Constant power is injected into the coupled systems through sources in some or all of the enclosures. The method solves for a steady state solution when the inputs and losses are made equal for each individual cavity in the system reaching a power balanced state. The PWB method does not contain phase information of the EM fields and thus does not describe fluctuations due to interference. This can lead to an incomplete prediction of enclosure power flow in the case of small apertures as discussed in Section III.B, Section V.B and Appendix C.
The RCM is an alternative approach that produces an ensemble of impedance matrices for each cavity in the system. These matrices relate the voltages and currents at the ports of a cavity. When cavities are connected the voltages at the connecting ports are made equal and the connecting currents sum to zero. The input port on the first cavity is excited with the known signal. This leads to a linear system of equations that can be solved for all the voltages and currents [44] . This system is resolved for each realization of the cavity impedance matrices. One starts by constructing the average impedance matrix for each cavity, Z avg [40] . Here, the average impedance matrix can be thought of in two ways. First it can be consid- ered as a window average of the exact fluctuating cavity matrix over a frequency range, ω 2 , centered at frequency ω 1 . In the case in which the windowing function is Lorenzian this average is equivalent to evaluating the exact cavity matrix at complex frequency ω 1 + i ω 2 . This in turn is the response matrix for exponentially growing signals with real frequency ω 1 and growth rate ω 2 . This leads to the second way of understanding the average impedance matrix. It is the early time (ω 2 · t < 1) response of the ports of the cavity. Thus, the average impedance matrix can be calculated by assuming the walls of the cavity have been moved far from each port, and each port responds as if there were only outgoing waves from the port. In the case of aperture as ports, the transverse electric and magnetic fields in the aperture opening are expanded in a set of basis modes with amplitudes that are treated as port voltages in the case of electric field, and port currents in the case of magnetic field. The linear relation between these amplitudes is calculated for the case of radiation into free space, and this becomes the average aperture admittance/impedance matrix. Each mode in the aperture field representation is treated as a separate port in the cavity matrix. Thus, the dimensions of the matrix grows rapidly with the addition of a large aperture [47] .
Once the average cavity impedance matrix is constructed, model realizations of the fluctuating cavity impedance matrix are introduced via a normalized impedance matrix ξ RCM derived from a random matrix ensemble [1] [2] [3] 52] . In terms of the normalized impedance matrix, the fluctuating cavity impedance matrix is written as
Here, ξ RCM is defined as
where the sum over n represents a sum over the modes inside the cavity. The vector w n , whose number of elements equals the number of ports, consists of independent, zero mean, unit variance random Gaussian variables which represent the coupling between each port and the n th cavity mode. This random choice of mode-port coupling originates from the so-called Berry hypothesis, where the cavity modes can be modeled as a superposition of randomly distributed plane waves [54] . The quantities k 0 and k n are wavenumbers corresponding to the operating frequency ω 0 = k 0 c and the resonant frequencies of the cavity modes, ω n = k n c. Rather than use the true resonant frequency of the cavity, a representative set of frequencies is generated from a set of eigenvalues of a random matrix selected from the relevant Random Matrix Theory ensemble [1, 18, 55, 56] . These RMT eigenvalues are appropriately normalized to give the correct spectral density via the parameter ∆k 2 n . The loss parameter α = k 2 /(Q ∆k 2 n ) where k is the wave vector of interest and Q is the quality factor [42] . We note that for complex systems with aperture coupling between cavities, RCM treats apertures as multiple channel ports attached to each cavity [44, 47] . Each aperture mode is represented as a channel in the port representation of the aperture. In systems with M connecting channels, the dimension of the above defined cavity impedance matrix becomes M ×M . The matrix multiplications and inversions in the calculation of RCM multi-cavity formulations [44] thus have complexity which grows as O(M 2.4 ) using common algorithms [57] . Thus for large M , the computational cost of the RCM scales roughly as N × M 2.4 , where N represents the number of cavities in the system.
Here we propose a hybrid method for multi-cavity problems that combines both PWB and RCM as shown schematically in Fig. 2 . In an N −cavity cascade system with multiple channel connections between adjacent cavities, we utilize the PWB to characterize the mean flow of EM waves from the input port of the first cavity to the input aperture of the last (N th ) cavity. The RCM method is now applied to the last cavity and the connected load at the single-mode output port of that cavity. The hybrid method combines the strengths of both methods: the fluctuations of the EM field will be captured with RCM, the computational cost is greatly reduced using the PWB method. In the following, we discuss the hybrid model formulation in detail based on the 3-cavity system example shown in Fig. 2 . We will first introduce the PWB treatment to the first two cavities in the chain, followed by the modeling of the last cavity using RCM in subsection III.B, we will then discuss how to connect the PWB and RCM models at the aperture plane between the last two cavities in subsection III.C. With the model formulation introduced, we will look into the validity of the hybrid model in subsection III.D. A step-by-step protocol to apply the PWB-RCM fusion to generic cavity systems is detailed in Appendix D.
III.B Detailed Cavity Treatments
PWB characterizes the flow of high-frequency EM waves inside a complex inter-connected system based on the physical dimensions of the cavities, the cavity quality factors Q, and the coupling cross sections σ o as well as the incident power P in driving the system [29, 31] . PWB then calculates the power densities of each individual cavity in steady state. For the 3-cavity cascade system in Fig. 2 , the PWB equations are
where the σ wi 's refer to the wall loss cross section and S i is the power density of the i th cavity, σ o1 and σ o4 are the cross section of the input and output ports, while σ o2 and σ o3 represent the aperture cross sections, see Fig. 2 . The cross sections can be expressed explicitly from known physical dimensions and cavity wall properties [31] . P in is the (assumed steady) incident power flow into the first cavity. In this example, we assume that only the first cavity receives EM power from external sources. The balance between the input and loss is achieved by solving Eq. (1) for the steady state power densities S i . For example, the power balance condition of the first enclosure is expressed as
The LHS of this equation represent the loss channels of the cavity, including the cavity wall loss and the leakage through the input port and the aperture. The RHS describes the power fed into the cavity, consisting of the external incident power and the power flow from the second cavity. The net power that flows into the last cavity in the cascade is expressed as
The last cavity is characterized by the RCM method. With the knowledge of the cavity loss parameter α and the port coupling details, the full cavity admittance matrix of the last cavity can be expressed as [47] 
The quantity Y rad is a frequency-dependent blockdiagonal matrix whose components are the radiation admittance matrices of all the ports and apertures of that cavity. We assume no direct couplings between apertures because the direct line-of-sight effect is small in the experimental set-up. Consider a cavity with two M −mode aperture connections, the dimension of the corresponding matrix Y rad is 2M × 2M . The matrix elements are complex functions of frequency in general and can be calculated using numerical simulation tools. We use here the software package CST Studio to calculate the aperture radiation admittance (see Ref. [58] and the Appendix B.2 in Ref. [44] ). The RCM normalized impedance ξ is a detail-independent fluctuating "kernel" of the total cavity admittance Y cav . With known α, an ensemble of the normalized admittance ξ can be generated through random matrix Monte Carlo approaches [4] . Combining the fluctuating ξ and Y rad , an ensemble of "dressed" single cavity admittance matrices for the final cavity can be generated. It is later shown in Appendix E that a substantial reduction of the hybrid model computational cost is made possible using an aperture-admittance-free treatment, at the price of reduced accuracy for longer cascade chains.
III.C The Hybrid Model
We next connect the PWB and RCM treatments at the interface between the second and the third cavity. As discussed in the previous section, the power flow into the third cavity, P 2→3 , is calculated from the 3-cavity PWB calculation. Identical system set-ups are utilized in the PWB and RCM treatments, including the operating frequency range, the dimensions of the cavities, ports and apertures, and the loss of the cavity (achieved by a simple analytical relationship between the RCM α parameter and σ w , see Appendix A for more details). To transfer the scalar power values P 2→3 generated by PWB into an aperture voltage vector required for RCM, we assign random voltages U o3 drawn from a zero mean, unit variance Gaussian distribution for the M -mode aperture and calculate the random aperture power using
These randomly assigned aperture voltages U o3 are then normalized by the ratio P 2→3 /P o3 to match with the value calculated from PWB. Combined with the RCM generated cavity admittance matrix Y cav , an ensemble of induced voltage values U L at the load on the last cavity is computed utilizing Eq. (A.9) in Ref. [44] . The power delivered to the load is obtained using
where Y L is the load admittance, taken to be 1/(50Ω) here.
III.D Limits of the Hybrid Model
The hybrid model is based on the assumption that the fluctuations in a given cavity are independent of the fluctuations in adjacent cavities and thus of the fluctuations in the power flowing between cavities (as a function of frequency, for example). We assess the validity of these assumptions by analysing a multi-channel cascaded cavity system in Appendix C. We study in particular the effect of the total number of effective cavity-cavity coupling channels M n between the nth and (n + 1)st cavity on the fluctuation levels of the load-induced power P L connected to the final cavity. Since P L ∝ |U L | 2 , the conclusions drawn from the power flow studies can also be applied to voltage-related results as presented below in Section IV. Defining the load power fluctuation levels as the ratio κ = P L 2 / P 2 L , where · · · represents averaging over an ensemble, we treat κ as a measure characterising the level of fluctuations of the power. Here, κ ∼ 1 and κ 1 refer to low and high fluctuations of the power values, respectively. In Appendix C, it is shown that
where the product is over all the cavities in the cascade. If cavities n = 1 to n = N − 1 have strong multi-channel connections due to, for example, large apertures with M n 1 propagating modes at the operating frequency, then M −1 n → 0 and the contributions to (2) not including the coupling to the load, that is,
this holds for the experiments described in Section IV with M n ≈ 100 at the frequencies considered. The quantity M n is small when a single-mode waveguide connects the last cavity (N ) to the load (the experiment in Section IV). At the last cavity (N ) there is a single mode output port, M n = 1 and the 1 + M −1 n = 2 which induces higher fluctuations at the load compared to the case where all apertures are large. Similar small M n situations appear when a "bottleneck" is introduces between cavities (the experiments in Section V.B). It is therefore sensible to adopt RCM for just the last cavity to capture the power fluctuations at the load, while it is sufficient to include the influence of the intervening cavities with PWB only giving the required information about the mean power flow. This case is discussed in Section IV. In Section V, we will also consider the effect of having small aperture connections -referred to as "bottlenecks" -at intermediate locations in the cavity cascade where we see deviations of the hybrid model from a full multi-cavity RCM treatment.
IV. COMPARISON OF HYBRID MODEL WITH EXPERIMENTAL RESULTS AND DISCUSSION
We now conduct the PWB-RCM hybrid analysis for the multi-cavity experiment and compare with measurements. We consider 2-and 3-cavity cascades with large (on the scale of the wavelength) apertures between the cavities and single-mode connections to the load in the last cavity. The induced voltages at the load |U L | are calculated based on the methods shown in Refs. [4, 59] , the experimental results are shown as solid lines in 3. An ensemble of induced load voltages for the multicavity system is created by moving the mode stirrers in all cavities between each measurement. The losses in the single cavities is altered by inserting equal amounts of RF absorbers in each cavity. In addition, the hybrid PWB-RCM method is used to calculate |U L | and the resulting distributions are shown as dotted lines in Fig. 3 . Good agreement between the measured and model generated results are observed over a range of different total cavity numbers and single cavity loss values. Under varying cavity loss conditions, the probability density function (PDF) of the induced load voltage |U L | of the 3-cavity system has a lower mean value and smaller fluctuations compared to the 2-cavity system results. Going from two to three cavities will decrease the energy density in the last cavity and thus the power delivered to the load. This difference between the 2-and 3-cavity |U L | becomes smaller when the single cavity loss decrease as can be seen following Fig. 3 (a) to Fig. 3 (d) , see also the inset in Fig. 3 (b) .
The induced load voltage PDFs of the multi-cavity system can be generated solely with the RCM formulation [44] . A comparison between the |U L | PDFs generated with full RCM method, the hybrid method, and the experiments are shown in Fig. 4 . Both theoretical approaches are able to generate statistical ensembles which agree well with the experimental results. We find that the RCM results (dashed lines) slightly outperform the hy- brid method (dotted lines) for the two-cavity case. However, the computation time and storage cost of the full RCM method is N times larger than the hybrid method, where N refers to the total number of connected cavities in the cascade.
V. TESTING THE LIMITS OF THE HYBRID MODEL
As already discussed in Section III B, we expect that the hybrid model will break down in the limit where either the RCM and/or PWB methods are no longer valid. We consider two generic types of limitations, namely systems with high loss and systems having "bottlenecks" in the middle of the cavity cascade. These two conditions are experimentally studied using a ×20 scaled down version of the cavity system [22, 44] . The dimension of the single miniature cavity is 0.038 × 0.038 × 0.089m 3 . EM waves from 75-110GHz are fed into the cavity (∼ 10 4 modes at and below the operating frequency range) through single-mode WR10 waveguides from Virginia Diodes VNA Extenders and the S-parameters are measured by a VNA. We have previously demonstrated that identical statistical electromagnetic properties are found in this and the full-scale configuration described in Section II [44] . 
V.A High and Inhomogeneous Cavity Losses
The proposed hybrid method is not expected to generate accurate predictions for extreme high and inhomogeneous lossy systems [59] . Both PWB and RCM models require uniform power distribution inside the studied system. Such a presumption no longer holds when the loss of the cavity wall becomes so high such that the energy distribution near the system boundaries and from the input to the output aperture drop considerably. In this case, PWB needs to be replaced with other methods such as ray tracing [34] or the DEA analysis [37] or, in the case of multiple scatterers in each cavity, using an approximate flow solver based on a 3D diffusion model [60] ; all these methods have a larger computational overhead compared to PWB. Strong damping also violates the random plane wave hypothesis crucial to the RCM [54, 59, 61] . We experimentally examine the applicability of the hybrid model in the extremely high loss limit. A 2-cavity cascade system is designed where electrically-large (many wavelength in size) ARC RF absorber panels are placed on a wall inside each cavity. The detailed experimental set-up of the extreme high-loss cases can be found in Appendix B. The inclusion of absorber walls creates effectively "open-wall" high loss cavities (α ∼ 25 for a single cavity) [59] . The measured and the model-generated load induced voltage statistics are shown in Fig. 5 (a) for this case. Neither the hybrid model nor the full RCM model is expected to work in this high and inhomogenous loss limit. As seen in Fig. 5 (a) , both models show strong disagreement with the measured data. These inhomogeneities in each cavity are well captured using either ray-tracing or DEA methods as demonstrated in [62] .
The hybrid model can be applied to the lower loss systems (α ∼ 1) as demonstrated in Section IV. We point out, however, that the stronger impedance fluctuations of low-loss systems poses greater challenges for the acquisition of good statistical ensemble data for both numerical and experimental methods [63, 64] .
V.B Weak Inter-Cavity Coupling
Another assumption of the hybrid model is that intermediate cavities have multiple connecting channels, see Section III B. We expect that the hybrid model as introduced in Section III A fails when some or all of the apertures are small, effectively acting as "bottlenecks". The transmission rates then become strongly frequency dependent thus adding to the overall fluctuations in the system and deviating strongly from the aperture cross sections assumed for the PWB in Section III.B. In the experiments, we create a "bottleneck" carrying only 5 channels between the intermediate cavities of the chain and study how this brings out the limitations of the hybrid model. As discussed in Section III.D and Appendix C, the fluctuations of the wave flow are then correlated as the energy propagates through the cavity cascade chain; these increased fluctuations of the input power at the last cavity are not captured in a PWB treatment. It is important to point out that the fluctuations of input current at a cavity beyond a bottleneck can no longer be considered Gaussian. The latter aspect is known from cavity systems studied in electromagnetic compatibility, see for example the deviation of the received power in a weakly coupled nested reverberation chamber [48] . In Appendix C, arguments are developed to quantify these deviations for cavity cascade systems.
We construct a 3-cavity experiment to test this effect; for more details about the experiment, see Appendix B. The cavities are connected through small rectangular shaped apertures which allow only 5 propagating modes as opposed to 100 modes utilized in experiments discussed earlier; we have α = 9.1 for all cavities. In this few-coupling-channel system, the cavities in the cascade have a substantial contribution to the overall fluctuations of neighbouring cavities and thus the induced load voltage/power values. As shown in Fig. 5 (b) , the hybrid model fails to correctly reproduce the statistics of the measured |U L |, while the full RCM cavity cascade formulation retains the ability to correctly characterize the statistics of the system.
To summarize the section, we study the applicability of the PWB-RCM hybrid model to cases where it is expected to fail. It is found that enclosures with large and inhomogeneous losses violate the conditions for the hybrid method. The case of intermediate "bottlenecks" can be handled with RCM, but not the hybrid model as formulated. A generalization of the PWB-RCM hybrid that can handle arbitrary "bottlenecks" is outlined in Appendix D. The proposed hybrid model is expected to generate statistical mean and fluctuations of the EM fields for systems with moderate cavity losses and large inter-cavity couplings strengths. Expanding the hybrid model to systems with more complex topology and exploring new types of hybrid models by combining RCM with other statistical or deterministic methods has been considered in [65] .
VI. CONCLUSION
In this manuscript, we propose a PWB-RCM hybrid model for the statistical analysis of EM-fields in complex, coupled cavity systems based on minimal information of the system. The method is tested and found to be in good agreement with cavity cascade experiments under various conditions, such as varying single cavity loss and the total number of connected cavities. The limitations of the hybrid model are also discussed and demonstrated experimentally. The hybrid model is computationally low-cost and able to describe the statistical fluctuations of the EM fields under appropriate conditions. We believe that the hybrid method may find broad applications in the analysis of coupled electrically large systems with sophisticated connection scenarios.
We thank B. Xiao who designed the scaled cavity systems and M. Zhou for the help in conducting numerical computer simulations. We are thankful for R. Gun The parameters used to model the cavity loss in the RCM (α) and PWB (σ w ) are different. We propose a simple analytical relationship between these internal loss parameters, namely α = γ ·σ w . In the RCM, the single cavity loss parameter α can be written as α = k 3 V /(2π 2 Q) for three-dimensional enclosures, where V , Q and k are the cavity volume, closed cavity quality factor and the operating wavenumber [22, 42] . In the PWB, the wall loss cross-section σ w is defined as σ w = P w /S where P w is the steady state power loss caused by wall absorption, and S represents the unidirectional power density at any point inside the cavity. To arrive at an analytical expression for S, we first write the Poynting vector S p which flows uniformly in all directions as S p = cW/(4π · V ), where W is the stored energy inside the cavity volume The single-cavity radiated power through the aperture opening Paper vs the cavity loss calculated with PWB (γ · σw) and RCM methods (α). Input power is set as 1 Watt. Inset: schematic diagram of the single cavity radiation set-up.
V . Thus S can be calculated through the integral
Combined with Q = ωW/P w (which assumes that wall loss dominates the closed-cavity Q), we have
and finally arrive at α = γ · σ w where γ = 1/(2λ 2 ). We next conduct a sanity check of the α to σ w relationship by creating a practical scenario. Consider a single lossy cavity with a single input port and a radiating aperture. We choose this particular scenario because it reflects the range of situations where we believe the RCM/PWB hybrid model will be relevant and valid. We calculate the radiated power from the cavity as a function of the internal loss parameter in each model, for fixed input power. In the PWB treatment, a single-mode port and an aperture are opened on the cavity with their PWB cross sections σ o1 and σ o2 , respectively. Waves are incident into the cavity through the port and exit the cavity through either the aperture or the port into vacuum. In the RCM treatment of the same system, the port and the aperture are modelled with their corresponding radiation impedance (for the port), and radiation admittance (for the aperture).
For the study shown in Fig. A.1 , the dimension of the single cavity is set to 0.762 × 0.762 × 1.778m 3 , which is the exact cavity dimension used in the experimental set-up. The aperture radiated power P aper is calculated with both treatments at 5GHz under various cavity loss values. The aperture is set to be a circular shaped aperture which allows ∼ 75 propagating modes at 5GHz. The results for RCM are shown as red circles in Fig. A.1 . The PWB results are obtained for a series of σ w values and shown as a blue line in Fig. A.1 . The factor γ = 1/(2λ 2 ) = 139m −2 is applied for the PWB calculation to scale the σ w value to α on the horizontal axis. A good agreement of aperture radiated power is found between the two models. We note that a finite discrepancy is observed in the range α ∈ [0.1, 100]. This slight difference may be caused by the presence of an aperture whose dimension is comparable to the operating wavelength (the resonance regime). In this limit, the PWB formulas developed for electrically small/large apertures may require modification.
Appendix B: The Experimental Set-up of Hybrid Model Limitation Studies
As discussed in section III and IV, both the PWB and RCM methods assume that the wave energy inside the sub-volumes are homogeneously distributed. We would not expect the hybrid model to be effective when this assumption is violated. We experimentally test this limit of the hybrid method by creating a system with nonuniform energy distributions (Fig. A.2 (a) ). In the 2cavity cascade set-up, we first cover one of the cavity walls with RF absorbing materials to create an effective 'open-window' cavity. The results for the load induced voltage statistics in this cavity can be found in Fig. 5 (a) . The single cavity loss parameter is α = 25, estimated by calculating the Q-factor of the S-parameter measurements [22] . It is shown that neither the hybrid method nor the RCM method can correctly reproduce the experimental results for the load induced voltage statistics.
We also test the case where the apertures are changed from a large circular shaped aperture with approximately 100 propagating modes into a small rectangular shaped aperture with only 5 propagating modes (Fig. A.2 (b) ). As shown in Fig. 5 (b) , the hybrid model prediction deviates from the experimental results, while the full RCM prediction retains the ability to accurately predict the induced-voltage PDF.
Appendix C: Multi-channel analysis for the cavity cascade system
Within the RCM description, the n th cavity in the cavity cascade chain can be modeled by the following equa- tion:
The superscripts i and o refer to the input and output side of the n th cavity where we adopt the convention that "input" is on the side closest to the input TX port of the cavity chain and "output" is on the side with the RX port (see Fig. 1 ). The voltage vectors V and current vectors I at the input and output sides of a cavity are connected through the cavity impedance matrix as shown in Eq. ((A.3) ). The Z-matrix of the n th cavity is written as a 2 × 2 block matrix. Assuming the n th cavity has m 1 and m 2 coupling channels at its input and output sides, the input vectors (V i n , I i n ) are m 1 ×1, and the output vectors (V o n , I o n ) are m 2 × 1. Correspondingly, the dimension of the Z-matrix elements are m 1 × m 1 , m 2 × m 2 , m 1 × m 2 and m 2 × m 1 for Z ii n , Z oo n , Z io n and Z oi n , respectively. For simplicity, we assume the RCM description of the off-diagonal impedance matrices as
and the matrices Z oo,ii n are diagonal. The R i,o n are the input and output radiation resistance matrices, and ξ n is the RCM normalized impedance matrix. Since the output side of the n th cavity is connected to the input side of the (n + 1) st cavity, the continuity relationships of voltages and currents between the two cavities are:
In the high-loss limit, the output current at the (n + 1) st cavity I o n+1 is much smaller than the input current at the n th cavity I i n . By solving Eqs. (A.3) and (A.5) and neglecting terms Z io n+1 I o n+1 (small compared to the Z ii terms), the relationship between the input currents at the n th and (n + 1) st cavity in the high-loss limit is written as
We then rewrite this equation as:
a transition matrix which describes the coupling from the n th cavity to the (n + 1) st with R i,o n as in (A.4) , and the ψ n = (R i n ) 1/2 I i n is a current-like vector that describes the input signal of the cavity n. The power entering the n th cavity is given by,
We first assume the transition matrix τ to be diagonal. The input power at the (n + 1) st cavity is written as:
The more general cases, where the constraint of τ being diagonal is lifted, will be discussed later in this section. With P n = 1 2 ψ † n ψ n being the average input power at the n th cavity, and the fact that ξ * ji ξ j i = ξ * ji ξ ji δ ii δ jj , we can further simplify Eq. (A.8) as:
T j (A.9) where T j = |τ j | 2 and the sum on j runs from all transmitting channels. Based on the relationship in Eq. (A.9), we next analyze the fluctuation level of the power delivered to the load (P L ) by studying the ratio κ = P 2 L / P L 2 . To simplify the following expression, X j = ψ * n,j ψ n,j and Y j = ψ * n+1,j ψ n+1,j are employed in the following calculations. Equation (A.8) is now rewritten as Y j = T j i,i ψ * n,i ψ n,i ξ * ji ξ ji , and further we have Y j = T j |ξ| and ξ * ji ξ ji ξ * ji ξ ji = ξ * ji ξ * ji ξ ji ξ ji = 0 when i = i , we have:
We then introduce a mean power transmission coefficient for the n th cavityT n and an effective total number of channels M n , defined as:
(A.11) respectively. Thus we have the power transmitted into the (n + 1) st cavity (Eq. (A.9)) written as:
and
The fluctuation level of the power after N cavities is:
(A.14) Here we utilized the fact that the power injected into the first cavity (P 1 ) is a fixed scalar in the case of a steady input. Since the last cavity is connected to the load with a single-mode port in experiments, we have 1 + M −1 N = 2 at the last cavity. The overall fluctuating level of load power is
For a system with a large number of connecting channels (M n 1) between the neighbouring cavities, such as the circular aperture connection which allows ∼ 100 propagating modes, the factor (1+M −1 n ) → 1. In this limit, the mean field methods are sufficient to describe the power flow for cavities with strong coupling. On the contrary, the hybrid model is not expected to work for system with few coupling channels inside a cavity cascade. The study explains the experimental observations that hybrid models are successfully applied to systems with multi-mode apertures connections (Fig. 3) , while fail to generate predictions for systems with "bottlenecks" (Fig. 5 (b) ).
We also note that the proposed hybrid model assumes each input current throughout the chain is Gaussian distributed while the RCM predicts non-Gaussian statistics [20] . In the presence of a "bottleneck" connection, a deviation from Gaussian statistics of the input current distribution will be present caused by the fluctuating nature of the narrow aperture coupling.
We next expand the analysis to the more general cases where the transition matrix τ is no longer a diagonal matrix. With Eqs. (A.8) and (A.10), the expression for Y j becomes:
Schematic of a cavity cascade array with manychannel connecting apertures between all cavities except that between cavity i and cavity i + 1. Note the definition of input and output powers at each cavity aperture.
And correspondingly the average of Y j is Y j = j τ * jj τ jj |ξ| 2 i X i . With the updatedT n = |ξ| 2 jj τ * jj τ jj , we sum on j and have Thus the conclusions of the multi-channel analysis can be applied to the more general cases with the refined τ , T n and M −1 n .
Appendix D: Applying the Hybrid Model to Generic Cavity Systems
Here we propose a scheme of applying the hybrid model to more general cases, where there exists several limitedchannel connections between the intermediate cavities.
Due to the large power flow fluctuations induced by these "bottlenecks", we apply RCM to better characterize these connections. A general case is shown in Fig.  A.3 . We study the treatment of limited channel connections between the i th and (i + 1) st cavities in a N-cavity cascade chain. The treatment involves four steps:
1. Use the PWB N-cavity model to calculate the input, output power of the i th cavity P i in | P W B , P i out | P W B , and the input power at the last (N th ) cavity P N in | P W B . 2. For the case of a bottleneck between cavity i and cavity i + 1 (Fig. A.3) , use the calculated P i in | P W B and RCM treatment to calculate an ensemble of the output power of the i th cavity P i out | RCM . 3. Update the input power at the last cavity by
Note that we therefore obtain an ensemble of the input power to the last cavity P N in | RCM . 4. Use RCM to calculate an ensemble of the output power of the N th cavity P N out | RCM with the ensemble of P N in | RCM obtained from (3). For cases where there exist multiple "bottlenecks" inside the chain (beyond cavity i), one may repeat the procedure (2)-(4) by actively changing the cavity index N to the next cavity connected through a bottleneck.
Appendix E: Hybrid Model Simplification
Here we present a simplified treatment of the PWB-RCM hybrid model where the full-wave simulated aperture radiation admittance matrix is no longer required. We assume that all inter-cavity apertures are large on the scale of a wavelength, ie. the original PWB-RCM treatment is applicable. We also will assume that all cavities are in the high-loss (α > 1) limit. This Y aper -free treatment will further decrease the computational cost of the hybrid model. We utilize Eqs. (A.6-A.8) from Appendix C to introduce the new treatment.
Consider an N-cavity cascade chain, one may treat the load connected to the output port of the N th cavity as the (N +1) st effective cavity. The induced power is equal to the input power of the (N + 1) st cavity: 21) where τ N →N +1 = (R i N +1 ) 1/2 (Z ii N +1 + Z oo N ) −1 (R o N ) 1/2 is a scalar transition factor due to the fact that a singlemode port acts as a single-mode 'aperture' connecting the N th and (N + 1) st cavity (the load). As introduced in the main text, the radiation impedance of the port, which is used to calculate τ N →N +1 , is obtained from the scattering matrix measurements of the waveguide ports.
Equation (A.21) is further generalized as:
(A.22) The ensemble average of P load is
(A.23)
In the above equation, the quantity ψ n is moved out of the ensemble averaging because only ξ N is varying under ensemble average while ψ n and τ N →N +1 are not. As defined in Appendix C, we write ψ n = R ii N 1/2 · I i n under the high-loss assumption. Here R ii N is set as the radiation impedance of the aperture which does not change value under ensemble averaging. The input current vector I i n is also considered to be not changing since the cavity offdiagonal impedance element Z io n (Eq. (A.3) ) is small at high-loss limit, and the input power of the N th cavity is fixed from the prior PWB calculation. Since the input power of the N th cavity P N = 1 2 ψ † N ψ N is given by the PWB calculation, we may further simplify Eq. (A.23) as P load = 1 2 |τ N →N +1 | 2 ψ † n ψ n ξ † N ξ N = P N |τ N →N +1 | 2 · ξ † N ξ N . The vector element of ξ N , ξ i , is generated using the same method as in Section III A. The vector product ξ † N ξ N is the summation of a large number of ξ * i ξ i s. Thus ξ † N ξ N and ξ * i ξ i have the same expected value according to the law of large numbers. We finally write P load = P N |τ N →N +1 | 2 ξ * i ξ i and Eq. (A.22) is reduced to scalar components P load = P N |τ N →N +1 | 2 ξ * i ξ i . The comparison of the original hybrid model and the Y aper -free hybrid model is presented in Fig. A.4 . Good agreement between the simplified hybrid model predictions and the experimental cases for the PDF of load induced voltages are found. The original hybrid model slightly outperforms its simplified version for the 3-cavity cases (red curves in Fig. A.4 (a-d) ), and it is expected that the accuracy of predictions will decrease for longer chains. Such an effect may be caused by the absence of an aperture admittance matrix in the simplified hybrid model. The Y aper -free treatment would broaden the applicable range of the PWB-RCM hybrid model to situations where the exact shape of the aperture is unknown and the numerical simulation of the aperture is unavailable. However, this shortcut shares the same high-loss (α > 1) assumption since it is built on the multi-channel analysis (Appendix C). We also note that for situations discussed in Appendix D, the admittance matrix of the narrow aperture (bottleneck) is required to compute the transition matrix τ .
